
Workshop on Socially Responsible Machine Learning (SRML), co-located with ICLR 2022

ALGORITHMIC RECOURSE
IN THE FACE OF NOISY HUMAN RESPONSES

Martin Pawelczyk∗, Johannes van–den–Heuvel
University of Tübingen
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ABSTRACT

As machine learning models are increasingly being deployed in high-stakes ap-
plications, there has been growing interest in providing recourse to individuals
adversely impacted by model predictions (e.g., an applicant whose loan has been
denied). To this end, several post hoc techniques have been proposed in recent
literature. These techniques generate recourses under the assumption that the
affected individuals will implement the prescribed recourses exactly. However,
recent studies suggest that individuals often implement recourses in a noisy and
inconsistent manner – e.g., raising their salary by $505 if the prescribed recourse
suggested an increase of $500. Motivated by this, we introduce and study the
problem of recourse invalidation in the face of noisy human responses. We propose
a novel framework, EXPECTing noisy responses (EXPECT), which addresses the
aforementioned problem by explicitly minimizing the probability of recourse inval-
idation in the face of noisy responses. Experimental evaluation with multiple real
world datasets demonstrates the efficacy of the proposed framework, and supports
our theoretical findings.

1 INTRODUCTION

Over the past decade, machine learning (ML) models are increasingly being deployed to make a
variety of consequential decisions in domains such as finance, healthcare, and policy. Consequently,
there is growing emphasis on designing tools and techniques which can provide recourse to individuals
who have been adversely impacted by the predictions of these models (Voigt & Von dem Bussche,
2017). For example, when an individual is denied loan by a credit scoring model employed by a bank,
they should be informed about the reasons for this decision and what can be done to reverse it. When
providing a recourse to an affected individual, it is critical to ensure that the corresponding decision
making entity (e.g., bank) is able to honor that recourse and approve any re-application that fully
implements the recommendations outlined in the prescribed recourse (Wachter et al., 2018).

Several approaches in recent literature tackled the problem of providing recourses by generating
local (instance level) counterfactual explanations (Wachter et al., 2018; Ustun et al., 2019; Karimi
et al., 2020a; Poyiadzi et al., 2020; Van Looveren & Klaise, 2019). For instance, Wachter et al.
(2018) proposed a gradient based approach which finds the nearest counterfactual resulting in the
desired prediction.Ustun et al. (2019) proposed an integer programming based approach to obtain
actionable recourses for linear classifiers. More recently, Karimi et al. (2021; 2020b) shed light on the
spuriousness of the recourses generated by counterfactual/contrastive explanation techniques (Wachter
et al., 2018; Ustun et al., 2019), and advocated for considering causal structure of the underlying data
when generating recourses (Barocas et al., 2020; Mahajan et al., 2019; Pawelczyk et al., 2020).

The aforementioned approaches generate recourses under the assumption that the affected individuals
will implement the prescribed recourses exactly. However, this may not always be the case in practice

∗See https://arxiv.org/pdf/2203.06768.pdf for the complete version of this work.
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e.g., if recourse prescribed for an individual suggests that they increase their salary by $500, they
may reapply for a loan with a salary increment of $505 or even $499.95. This phenomenon of
noisy responses to prescribed recourses is very common in the real world, and has also been noted
by Björkegren et al. (2020) who conducted a field experiment in Kenya by mimicking the “digital
loan” setting to study algorithmic recourse in real-world scenarios. However, it is unclear if and how
often such noisy implementations of recourses would result in positive outcomes for end users. This
is due to the fact that there is no prior work which attempts to understand if recourses generated by
state-of-the-art approaches will remain valid (i.e., result in positive outcomes) if they are implemented
in a noisy manner (i.e., small changes are made to them). In fact, our analysis (Figure 3 in Appendix
C) indicates that state-of-the-art approaches output recourses that are highly likely to be invalidated
(as high as 60% of the time across multiple datasets) if small changes are made to the prescribed
recourses. This poses a severe challenge to making algorithmic recourse practicable in the real world.

In this work, we introduce and address the critical problem of recourse invalidation in the face of noisy
human responses. More specifically, we study if and how often recourses generated by state-of-the-art
approaches become invalid (i.e., result in negative outcomes) if small changes are made to them, and
provide a solution to address this problem.

2 PRELIMINARIES

Notation Let h ∶ X → Y denote a classifier which maps features x ∈ X ⊆ Rd to labels Y . Let
Y = {0,1} where 0 and 1 denote an unfavorable outcome (e.g., loan denied) and a favorable outcome
(e.g., loan approved), respectively.

Since counterfactuals that propose changes to features such as gender are not actionable, we restrict
the search space to ensure that only actionable changes are allowed. LetA denote the set of actionable
counterfactuals. For a given predictive model h , and a predefined cost function dc ∶ Rd ×Rd Ð→ R+,
the problem of finding a counterfactual explanation x̌ = x+δ for an instance x ∈ Rd can be expressed
by the following optimization problem:

x̌ = argmin
x′∈A

L1(h(x′),1)) + λ ⋅ dc(x,x′) (1)

where λ ≥ 0 is a trade-off parameter, and L1(⋅, ⋅) is the mean-squared-error (MSE) loss. The first
term on the right-hand-side ensures that the model prediction corresponding to the counterfactual
i.e., h(x′) is close to the favorable outcome label 1. The second term encourages low-cost recourses;
for example, Wachter et al. (2018) propose ℓ1 or ℓ2 distances to ensure that the distance between the
original instance x and the counterfactual x̌ is small.

2.1 DEFINING THE RECOURSE INVALIDATION RATE

x̌E

h = 0

h = 1

x

(a) High IR
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h = 0
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Figure 1: Recourse invalidation rates (IRs) (blue area). The
blue line indicates the decision boundary, x is the original
input, and x̌E is the generated recourse. The shaded region
(h = 0) belongs to the negative class, and the unshaded region
(h = 1) to the positive class. Figure 1a demonstrates the
case where recourse invalidation rate for x̌E is high because
small perturbations to x̌E are more likely to end up in the
shaded region (negative class). Figure 1b demonstrates the
case where recourse invalidation rate for x̌E is low because
small perturbations to x̌E are less likely to end up in the
shaded region.

One of the key goals of this work is to
understand if and when recourses out-
put by state-of-the-art methods get
invalidated when small changes are
made to them. To this end, we for-
mally define the notion of Recourse
Invalidation Rate (IR) in this section.

We first introduce two key terms,
namely, prescribed recourses and im-
plemented recourses. A prescribed
recourse is a recourse that was pro-
vided to an end user by some re-
course method (e.g., increase salary
by $500). An implemented recourse
corresponds to the recourse that the
end user finally implemented (e.g.,
salary increment of $505) upon be-
ing provided with the prescribed re-
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course. With this basic terminology in place, we now proceed to formally define Recourse Invalidation
Rate (IR) below.
Definition 1 (Recourse Invalidation Rate). For a given classifier h, the recourse invalidation rate
corresponding to the counterfactual x̌E = x + δE output by a recourse method E is given by:

∆(x̌E ;Σ) = Eε[h(x̌E)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶
CF class

− h(x̌E + ε)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

class after response

], (2)

where the expectation is taken with respect to a Gaussian random variable ε ∼ N (0,Σ) which
captures the noise in human responses.

Since the implemented recourses do not typically match the prescribed recourses, we add noise
ε to the prescribed recourse x̌E . Since we primarily compute recourses for individuals x such
that h(x) = 0, the label corresponding to the counterfactual is given by h(x̌E) = 1 and therefore
∆ ∈ [0,1]. For example, the following cases help understand our Recourse Invalidation Rate metric
better: When ∆ = 0, then the prescribed recourse and the recourse implemented by the user agree all
the time; and when ∆ = 1 then the prescribed recourse and the recourse implemented by the user
never agree. Figure 1 provides further intuition about our IR metric.

3 OUR FRAMEWORK: EXPECT

In this section, we theoretically analyze the recourse invalidation rates (IRs) of state-of-the-art recourse
methods. More specifically: 1) we provide a closed-form expression for the IR corresponding to any
instance, 2) using the above closed-form expression, we analyze one of the most popular recourse
methods (Wachter et al., 2018) proving that additional cost has to be incurred to generate robust
recourses in the face of noisy human responses (Appendix A), and 3) we derive a general upper bound
on the IR which is applicable to any valid recourse provided by any method with the underlying
classifier being a differentiable model (Appendix A).

3.1 A CLOSED-FORM EXPRESSION FOR RECOURSE INVALIDATION RATE

Before we introduce our formal result, we define g(f(x)), where f ∶ X → R is a differentiable
scoring function (e.g., logit scoring function) and g ∶ R→ Y an activation function that maps logit
scores to binary labels. Throughout the remainder of this work we will use g(u) = I[u > ξ], where ξ
is a decision threshold in logit space. W.l.o.g. we will set ξ = 0. Here, we use definition 1 and provide
a closed-form expression for the IR.

Theorem 1 (Closed-Form Recourse Invalidation Rate). A first-order approximation ∆̃ to the recourse
invalidation rate ∆ in (2) under a Gaussian distribution ε ∼ N (0,Σ) capturing the noise in human
responses is given by:

∆̃(x̌E ;Σ) = 1 −Φ( f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

), (3)

where Φ is the CDF of the univariate standard normal distribution N (0,1) and f(x̌E) denotes the
logit score at x̌E which is the recourse output by a recourse method E, and h(x̌E) ∈ {0,1}.
This result is intuitive. First, when f(x̌E) = 0, then ∆ = 0.5 since Φ(0) = 1

2
. This means that the

prescribed recourse and the recourse implemented by the user agree 50% of the time. Second, when
f(x̌E)→ +∞, then ∆→ 0 since Φ→ 1, which means that the prescribed recourse and the recourse
implemented by the user always agree. Finally, we consider the impact of the variance Σ = σ2I. If
σ2 decreases, then the size of the neighborhood where the recourse has to be robust shrinks, and
therefore our IR ∆→ 0 as σ2 → 0 if f(x̌E) ≥ 0. The expression in (3) is a key ingredient required
for both the algorithm presented next and our analysis in Appendix A.

3.2 FORMULATING AND OPTIMIZING OUR OBJECTIVE

Our Objective The main idea is to find a recourse suggestion x̌ whose prediction at any point y
within some set around x̌ belongs to the positive class with probability r. Hence, our idea consists of

3
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Algorithm 1 EXPECT
Input: x s.t. f(x) < 0, f , Σ, λ > 0, Learning rate: α > 0
Initialize: x′ = x; ∆̃ = ClosedFormIR(f,Σ,x)
while ∆̃ > r and f(x′) < 0 do
∆̃ = ClosedFormIR(f,Σ,x′) {from Thm. 1}
x′ = x′ − α ⋅ ∇x′L(x′;Σ, r, λ) {Optimize (5)}

end while
Return: x̌ = x′

minimizing the recourse invalidation rate subject to the constraint of low cost recourse. Our objective
looks as follows:

x̌ = argmin
x′∈A

∆(x′;Σ) s.t. dc(x,x′) ≤ q ∧ h(x′) ≠ 0, (4)

where q is a cost budget, ∆(x′;Σ) is the recourse invalidation rate from (1), dc measures the
distance between the factual input and the prescribed recourse, and h is the fixed classifier. We use a
Lagrangian formulation with parameter λ to encourage balance between the different objectives as
follows:

L(x′;Σ, r, λ) = L0(x′;Σ, r) +L1(f(x′), s)) + λ ⋅ dc(x′,x), (5)

where L0 = max(0,∆(x′;Σ) − r) and r is the target IR. The new component L0 is a Hinge loss
encouraging that the prescribed recourse has a low probability of invalidation, and the parameter Σ
controls the shape and the size of the neighbourhood in which the recourse has to be robust in line
with Definition 1. In practical use-cases the choice of r would depend on the risk-aversion of the
end-user. If the end-user is not confident about achieving a ‘precision landing’, then a rather low
invalidation target should be chosen (i.e., r < 0.5). In the extreme case, when r = 0, the objective
would encourage finding recourses that always lead to a positive outcome for a given neighborhood
shape and size controlled by Σ.

Optimization We suggest two ways to minimize the objective in (5). First, we can approximate
the IR in (2) (i.e., ∆) by replacing it with the approximate closed-form IR expression ∆̃ from (3)
and minimize (5). Algorithm 1 then proceeds in an iterative fashion where we do gradient descent
on the loss function in (5). This procedure is executed repeatedly until the class label flips from
0 to 1 and ∆̃ is less than or equal to r. Second, instead of using (3) we can use a Monte-Carlo
approach in combination with the reparametrization trick to obtain a differentiable approximation of
IR. Intuitively, this trick separates the randomness of the noise distribution and the influence of the
distribution parameters with respect to which we want to take the gradients. We refer to Kingma &
Welling (2013) for a detailed discussion of this trick.
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Figure 2: Computing recourses with low IRs on the binary
classification moon data set (Pedregosa et al., 2011) for a
DNN classifier with 100 hidden units. The circles around
EXPECT’s recourses have radius 2σ, i.e., they show the
region where 95% of recourse inaccuracies fall when σ2 =
0.05. Left: We chose an invalidation target of r = 0.3, i.e.,
30% of the recourse responses would fail under spherical
response inaccuracies ε ∼ N (0,0.05 ⋅ I). Right: The
same setup, but now we chose r = 0.

Synthetic Example In Figure 2, we
demonstrate how EXPECT finds re-
courses relative to Wachter’s algo-
rithm. We see that EXPECT finds re-
courses in line with both the chosen in-
validation target (e.g., in the left panel
the target is set r = 0.3) and the variance
σ2 which controls the size of the neigh-
borhood, in which the recourses have to
be robust.

4 EMPIRICAL RESULTS

We now present our empirical analysis.
We study the effectiveness of EXPECT at
finding robust recourses in the presence
of noisy human responses.
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4.1 EXPERIMENTAL SETUP

We first describe the synthetic and real-world data sets used. We then describe the predictive models
employed in our experiments, and the state-of-the-art recourse methods that we use as baselines.

Real-World Data and Noisy Responses Regarding real-world data, we use the same data sets as
provided in the recourse and counterfactual explanation library CARLA (Pawelczyk et al., 2021).
The Adult data set Dua & Graff (2017) originates from the 1994 Census database, consisting of
14 attributes and 48,842 instances. The class label indicates whether an individual has an income
greater than 50,000 USD/year. The Give Me Some Credit (GMC) data set Kaggle-Competition
(2011) is a credit scoring data set, consisting of 150,000 observations and 11 features. The class
label indicates if the corresponding individual will experience financial distress within the next two
years (SeriousDlqin2yrs is 1) or not. The COMPAS data set Angwin et al. (2016) contains data for
more than 10,000 criminal defendants in Florida. It is used by the jurisdiction to score defendant’s
likelihood of re-offending. The class label indicates if the corresponding defendant is high or low
risk for recidivism. All the data sets were normalized so that x ∈ [0,1]d. Across all experiments, we
add noise ε to the prescribed recourse x̌E , where ε ∼ N (0, σ2 ⋅ I) and σ2 ∈ {0.01,0.025,0.05}.
Methods We compare the recourses generated by EXPECT to three different methods which aim
to generate low-cost recourses using fundamentally different principles: AR (-LIME) uses an
integer-programming-based objective (Ustun et al., 2019), Wachter uses a gradient-based objective
(Wachter et al., 2018), and GS is based on a random search algorithm (Laugel et al., 2017). We have
used the recourse method implementations from the CARLA library (Pawelczyk et al., 2021).

Prediction Models For all data sets (except the synthetic one), we trained both ReLU-based NN
models with 50 hidden layers and logistic regression classifiers.

Adult Compas GMC

AR Wachter GS EXPECT AR Wachter GS EXPECT AR Wachter GS EXPECT

LR
RA (↑) 0.98 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
AIR (↓) 0.5 ± 0.01 0.46 ± 0.02 0.35 ± 0.11 0.22 ± 0.02 0.48 ± 0.04 0.47 ± 0.02 0.3 ± 0.18 0.08 ± 0.01 0.47 ± 0.06 0.45 ± 0.03 0.48 ± 0.04 0.24 ± 0.01
AC (↓) 0.55 ± 0.4 0.62 ± 0.43 2.12 ± 1.05 1.24 ± 0.81 0.16 ± 0.17 0.22 ± 0.17 0.73 ± 0.45 0.66 ± 0.27 0.29 ± 0.27 0.49 ± 0.51 0.28 ± 0.31 1.01 ± 2.01

NN
RA (↑) 0.38 1.0 1.0 1.0 0.84 1.0 1.0 1.0 0.38 1.0 1.0 1.0
AIR (↓) 0.49 ± 0.03 0.5 ± 0.02 0.48 ± 0.02 0.28 ± 0.01 0.34 ± 0.09 0.46 ± 0.02 0.43 ± 0.07 0.18 ± 0.03 0.34 ± 0.07 0.43 ± 0.03 0.45 ± 0.03 0.27 ± 0.03
AC (↓) 1.05 ± 0.22 0.3 ± 0.19 2.99 ± 1.51 1.43 ± 0.49 1.15 ± 0.52 0.2 ± 0.16 0.81 ± 0.45 0.8 ± 0.34 0.2 ± 0.19 0.26 ± 0.18 0.12 ± 0.09 0.47 ± 0.21

Table 1: Recourse accuracy (RA), average recourse invalidation rate (AIR) for σ2 = 0.01 and average
cost (AC) across different recourse methods. Recourses that use our framework EXPECT are more
robust compared to those produced by existing baselines. For EXPECT, we generated recourses by
setting r = 0.35 and σ2 = 0.01. Therefore, the AIR should be at most 0.35; in line with our results.

4.2 EVALUATING THE EXPECT FRAMEWORK

Measures We consider three measures in our evaluation: 1) We measure the average cost (AC)
required to act upon the prescribed recourses where the average is taken with respect to the instances
in the test set for which a given method provides recourse. Since the algorithms are optimizing for the
ℓ1-norm we use this as our cost measure. 2) We use recourse accuracy (RA) defined as the fraction of
instances in the test set for which acting upon the prescribed recourse results in the desired prediction.
3) We compute the average IR across every instance in the test set. To do that, we sample 10,000
points from ε ∼ N (0, σ2I) for every instance and compute IR in (2). Then the average IR quantifies
recourse robustness where the individual IRs are averaged over all instances from the test set.

Results Here, we evaluate the robustness, costs and recourse accuracy of the recourses generated
by our framework EXPECT relative to the baselines. We consider a recourse robust if the recourse
remains valid (i.e., results in positive outcome) even after small changes are made to it (i.e., humans
implement it in a noisy manner). Table 1 shows the average IR for different methods across different
real world data sets and classifiers when σ2 = 0.01. It can be seen that EXPECT has the lowest
invalidation rate across all real-world data sets and classifiers. We also consider if the robustness
achieved by our framework is associated with an additional cost i.e., by sacrificing recourse accuracy
(RA) or by increasing the average recourse cost (AC). We compute AC of the recourses output by all
the algorithms on various data sets and find that EXPECT usually has the highest or second highest
recourse costs, while the recourse accuracy is at 100% across classifiers and data sets.
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5 CONCLUSION

In this work, we introduced and studied the critical problem of recourse invalidation in the face of
noisy human responses. We proposed a novel framework, EXPECTing noisy responses (EXPECT),
which addresses the aforementioned problem by explicitly minimizing the probability of recourse
invalidation in the face of noisy responses.
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A THEORETICAL ANALYSIS

A.1 RECOURSE INVALIDATION RATE FOR WACHTER ET AL. (2018)

Next, we specify the recourse invalidation rate for the algorithm proposed by Wachter et al. (2018). For
their algorithm, Pawelczyk et al. (2022) give a closed-form recourse solution for logistic regression
classifiers when dc = ∥x−x′∥2 and the MSE-loss is used. Then the solution takes the following form:
x̌Wachter(s) = x + s−f(x)

∥∇f(x)∥22∇f(x), where s is the target logit score. More specifically, to arrive at the
desired class with probability of 0.5, the target score for a sigmoid function is s = 0, where the logit
corresponds to a 0.5 probability for y = 1. The next statement quantifies the IR of recourses output
by Wachter et al. (2018).

Lemma 1. For the logistic regression classifier, consider the recourse output by Wachter et al. (2018):
x̌Wachter(s) = x + s−f(x)

∥∇f(x)∥22∇f(x). Then the recourse invalidation rate has the following closed-form:

∆(x̌Wachter(s);σ2I) = 1 −Φ( s

σ∥∇f(x)∥2 ), (6)

where s is the target logit score.

Proof Sketch. The proof uses the recourse expression from Pawelczyk et al. (2022) and plugs it into
(3).

A recourse generated by Wachter et al. (2018) such that f(x̌Wachter) = s = 0 will result in ∆ = 0.5.
Note that this is true regardless of the choice of Σ. To obtain recourse that is more robust to noisy
responses from users, i.e., ∆ Ð→ 0, the decision maker can choose a higher logit target score of
s′ > s ≥ 0 since this decreases the recourse invalidation rate, i.e., ∆(x̌Wachter(s)) >∆(x̌Wachter(s′)).1
Thus, we can now see that there exists a trade-off between robustness to noisy human responses
and cost: since ∥x̌Wachter(s′)∥ > ∥x̌Wachter(s)∥ while ∆(x̌Wachter(s′)) <∆(x̌Wachter(s)), we see that a
higher target score leads to a more robust recourse, while increasing the recourse costs holding all
other variables constant (e.g. x and σ2).

A.2 A GENERAL UPPER BOUND ON THE RECOURSE INVALIDATION RATE

Next, we derive a general upper bound on the recourse invalidation rate. This bound is applicable to
any method E that provides recourses resulting in a positive outcome.

1This is not generally true in non-linear models.
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Lemma 2. Let x̌E be the output produced by some recourse method E such that h(x̌E) = 1. Then,
an upper bound on ∆̃ from (3) is given by:

∆̃(x̌E ;σ
2I) ≤ 1 −Φ(c + ω

σ

∥∇f(x)∥2
∥∇f(x̌E)∥2

∥δE∥1√
∥δE∥0

), (7)

where c = f(x)
σ⋅∥∇f(x)∥2 is a constant, δE = x̌E − x, and ω > 0 is the cosine of the angle between the

vectors ∇f(x) and δE .

Proof Sketch. Starting from (3), we use the approximation of f(x̌E) in combination with the fact
that ω = ∇f(x)T δE

∥δE∥2⋅∥∇f(x)∥2 . We conclude using a lower bound on the ℓ2-norm of δE which depends on
both its ℓ0 and ℓ1-norms.

The right term in the inequality entails that the upper bound depends on the ratio of the ℓ1 and
ℓ0-norms of the recourse action δE provided by recourse method E. The higher the ℓ1/ℓ0 ratio of the
recourse actions, the tighter the bound. The bound is tight when ∥δE∥0 assumes minimum value i.e.,
∥δE∥0 = 1 since at least one feature needs to be changed to flip the model prediction.

B PROOFS

B.1 PROOF OF THEOREM 1

Theorem 1. A first-order approximation ∆̃ to the recourse invalidation rate ∆ in (2) under a
Gaussian distribution ε ∼ N (0,Σ) capturing the noise in human responses is given by:

∆̃(x̌E ;Σ) = 1 −Φ( f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

), (8)

where Φ is the CDF of the univariate standard normal distribution N (0,1), f(x̌E) denotes the logit
score at x̌E which is the recourse output by a recourse method E, and h(x̌E) ∈ {0,1}.

Proof. Let the random variable ε follow a multivariate normal distribution, i.e., ε ∼ N (µ,Σ). The
following result is a well-known fact: vT ϵ ∼ N (vTµ,vΣvT ) where v ∈ Rd. Let x denote the input
sample for which we wish to find a counterfactual x̌E = x + δE . Recall from Definition 1 that we
have to evaluate:

∆ = Eε[h(x̌E)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶
CE class

− h(x̌E + ε)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

class after response

]

= 1 −Eε[h(x̌E + ε)],
(9)

where we have used that the first term is a constant and evaluates to 1 by the definition of a
counterfactual explanation. It remains to evaluate the expectation: Eε[h(x̌E + ε)]. Next, we note
that (9) can equivalently be expressed in terms of the logit outcomes:

∆ = Eε[I[f(x̌E) > 0]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

CE class

− I[f(x̌E + ε) > 0]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
class after perturbation

] = (1 −Eε[I[f(x̌E + ε) > 0]]). (10)

Again, we are interested in the second term, which evaluates to:

Eε[I[f(x̌E + ε) > 0]] = 0 ⋅ P(f(x̌E + ε) < 0) + 1 ⋅ P(f(x̌E + ε) > 0). (11)

Next, consider the first-order Taylor approximation: f(x̌E + ε) ≈ f(x̌E) +∇f(x̌E)Tε. Hence, we
know ∇f(x̌E)Tε approximately follows N (0,∇f(x̌E)Σ∇f(x̌E)T ). Now, the second term can be

8
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computed as follows:

P(f(x̌E + ε) > 0) ≈ P(f(x̌E) > −∇f(x̌E)Tε) = P( − f(x̌E) < ∇f(x̌E)Tε) (12)

= 1 − P( − f(x̌E) > ∇f(x̌E)Tε) (13)

= 1 − P( ∇f(x̌E)Tε√
∇f(x̌E)Σ∇f(x̌E)T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Mean 0 Gaussian RV

< − f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Constant

)

= 1 −Φ( − f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

)

= Φ( f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

), (14)

where the last line follows due to symmetry of the standard normal distribution (i.e., Φ(−u) =
1 −Φ(u)). Putting the pieces together, we have:

Eε[I[f(x̌E + ε) > 0]] = 0 ⋅ P(f(x̌E + ε) < 0) + 1 ⋅ P(f(x̌E + ε) ≥ 0) (15)

= Φ( f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

). (16)

Thus, we have:

∆ ≈ ∆̃ = 1 −Φ( f(x̌E)√
∇f(x̌E)Σ∇f(x̌E)T

), (17)

which completes our proof. Note that this is equivalent to P(f(x̌E + ε) < 0), and thus we are

“counting” how often perturbations to x̌E sampled from ε ∼ N (0,Σ) result in flips back to the
undesired class.

C EMPIRICAL RESULTS
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Figure 3: Boxplots of recourse invalidation rates (IR) across generated recourses x̌ from the test set
for Neural Network classifiers on three data sets. The recourses were generated by three different
recourse methods (i.e., AR-LIME, Wachter, and GS) using CARLA (Pawelczyk et al., 2021). These
methods use different techniques (i.e., integer programming, gradient search, and random search) to
find minimum cost recourses. The noisy human responses were simulated by adding small Gaussian
random noise ε ∼ N (0,0.05 ⋅ I) to x̌, where I is the identity matrix. The recourse invalidation rates
are as high as 60% across all datasets.
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